We define Dj = {w : w is an X-monomial and nj (v) 4 0 for every X-monomial v < w}.
Note that if w E Dj and v is an X-monomial such that v < w, then also v E Dj.
(1) There is a X-monomial w such that nr (w) = 0. In fact, suppose not. Then (n7 (a) : a E X) is an independent subset of Aj. Since Aj has no maximal independent subset of size n, it follows that there is a c E Aj\{nj(a) : a s X} such that (nj(a) : a E X)^'(c) is independent. Let c' E Ao x At be such that irj(c') = c. Then (a : a s X)^(c') is independent, contradicting the maximality of X. So (1) holds. This contradicts the maximality of X. This is obvious, using (2) to see that the indicated set does not contain 0. To prove this, let (X, : 0 < z < 7) be a list of all the infinite sets X of pairwise disjoint elements of B with IXI < A, and let (Y, : 0 < z < y) be a list of all the well-ordered subsets of B\{ 1} of size less than n. Define C, by recursion for z < y as follows. Let Co = B. Suppose that C, has been defined for all 6 < z, where 0 < T < 7. Take C' to the the union of{Cf : 6 < T}, and take C, to be the algebra obtained from C' by applying first (1) to X, and then (2) to Y,. Finally, take B"' = U,<y C,. This proves (3). Now we can finish the main part of the proof of the theorem as follows. We define a tower (B, : z < A) and take A to be its union. B0 was defined at the beginning of the proof. For a successor z = 6 + 1, take B, to be the algebra supplied by (3) with B = Ba. For limit z, take B, = U5<, B,. Clearly this works, as any infinite partition of unity of A of size less than A is contained in some B5, and by construction this is impossible. Similarly for towers of size less than K. Also, since S splits A, it follows that A is atomless.
The only thing missing is that A may not have a partition of unity of size A. To assure this property, we extend A further. Take C = A e D, where D is the algebra of finite and cofinite subsets of A. Clearly S still splits C, C has a partition of unity of size A, and C has a tower of size n. We need to check that C has no infinite partition of unity of size less than A, and no tower of size less than K. Suppose that X is an infinite partition of unity of C of size less than A. We may assume that the elements x of X have the form x = a~ + dx with ax E A and dx E D. Clearly Ux dx = A. It follows that for some element f E A, the set F = {x EX : fl E dx } is infinite. For any two distinct x, y E F we have ax a, = 0, and so by our partition property for A, there is an element e E A such that e ax = 0 for all x E F. Then e {fl} is a nonzero element of C disjoint from each x E X, contradiction.
Suppose that X is a tower in C of size less than .. We can write each element x E X in the form i<,,x (at,x -di,x) with a, x A, di, E D, and the di,x's disjoint for distinct i's. Moreover, we may assume that the order type of X is regular. It is uncountable since t(C) = co would imply that a(C) = o. So, we may assume that m = mx is independent of x. Note that Ei<m di, < i<m di,y if x, y E X and x < y, and ExEX Ei<m di,x = A. Hence, as IXI < , < 1, there is an x E X such that Ei<m di,x = 2. Thus for y E X and x < y, there is an i < m such that di,y is cofinite. We may assume that for each y E X with x < y, it is the element do,y which is cofinite; also, for each f/ E let i (f, y) be the index less than m such that SE di(f,y),y. Now we claim
